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Potential Flow about Bodies of Revolution
with Mixed Boundary Conditions—Cross Flow

J.V. Rattayya,* J.A. Brosseau,t and M.A. Chisholmi
Lockheed Missiles & Space Company, Inc., Sunnyvale, Calif.

The computation of hydrodynamic forces and moments acting on an axisymmetric body with a trailing cavity
in planar motion is formuiated, taking into account the lateral deflection of the cavity surface. The basic premise
employed is that, for small cavity deflections, the potential flow associated with the nonaxisymmetric body-
cavity configuration can be calculated by assuming the undeflected body-cavily configuration and assigning
deflection-dependent source distributions over that surface such that the appropriate mixed boundary conditions
are satisfied. The potential flow selutions associated with rigid body translation and rotation are then soived
separately using an iteration technique similar to the one used for the axial flow case. The pressure distribution
on the body in motion is then computed and compared with measured pressure data in simuiated free flights.
The comtputed hydrodynamic coetficients are also presented as a function of Froude and cavitation numbers.
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Nomenclature
A, =body base (reference) area
C, =pressure coefficient = p/ 12p072,
C.i:Cyw  =hydrodynamic axial force coefficients associ-
ated with axial acceleration and velocity
CrarCyy  =static hydrodynamic normal force coefficients
marCagg = static pitch moment coefficients
~arCy;  =inertial hydrodynamic normal force
coefficients
CaresCarg  =inertial hydrodynamic pitch moment
coefficients
d =body base diameter
F =Froude number = U _ /vgLy
F_.F, = force components acting on the body in x and z

directions, respectively
e urSwrfy =derivatives of velocity potentials ¢, ¢, b,
and ¢, along the meridian direction

g = gravitational acceleration

8.8, 8.8, =derivatives of velocity potentials ¢, ¢, ¢,
and ¢, in the direction normal to the body
surface

=body length

=distance to the body base from the origin of the
body-fixed coordinate system (see Fig. 1)

=distance to the body nose from the origin of the
body-fixed coordinate system (see Fig. 1)

=pitching moment

=number of segments

=normal derivative

= pressure

= pitch velocity

= fluid velocity components in § and @ directions
relative to the body

= body radius

=linear distance between points Pand Q

= distance along meridian

=surface area

=body velocity components along axial and nor-
mal directions

U, = freestream velocity

X%z =body-fixed rectangular coordinates

x,r,@ = body-fixed polar coordinates
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V. Vs, ¥y =body velecity components in normal, meridio-
nal, and circumferential directions respectively
on its surface

vy =fluid velocity relative to the body in the merid-
ional direction for unit axial motion of the
body

Z, = cavity displacement distance in z-direction

AC, =difference in pressure coefficient across the
body

$ =velocity potential

¢, ¢u®, =perturbation velocity potentials associated
with axial, normal, and rotational body
motions

3, =cavity deflection angle

o = angle of attack =tan ~! w/u

a = source strength on the body surface

B8 = body slope

) = fluid density

Subscripts

B =hody

b =hase

c =cavity or cross flow

1. Introduction

HE hydrodynamic forces and moements acting on an

axisymmetric body with attached cavities undergoing
planar motion depend not only on the cavity configuration,
but also on its deflection relative to the body axis. As long as
the axial motion is predominant in comparison with lateral
translation and rotation, the deflection is expected to be
small., When cavity deflection is neglected, the cavity can be
treated as the rigid extension of the body, and the analysis of
Ref. 1 can be used to compute the hydrodynamic force and
moment coefficients. In this scheme, the body is assumed
rigid, and the Neumann problem is solved separately for axial
flow, uniform cross flow, and nonuniform cross flow. These
solutions are then combined to compute pressure and, hence,
the force and moment acting on the moving body.

Recently, Struck? has studied the mixed boundary value
problem associated with an axisymmetric body and the free-
stream line that separates the body wake from the potential
flow. Assuming the body is at small angles of attack, Struck
developed an appropriate technique for taking into account
the deflection of the wake while computing the forces and mo-
ments acting on the body. In this procedure, the shape of the
wake as obtained in the axial flow case was assumed for the
angle of attack case, but the wake was shifted to a position
where the local normal force on it is zero, Using a series devei-
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opment and linearization, the potential of the asymmetric
wake problem was reduced to that of a straight one, with con-
tinuously varying angle of attack on the wake portion. The
procedure is equally applicable to bent cavities trailing axi-
symmetric bodies in planar motion.

The principal advantage of Struck’s procedure is that an
asymmetric Neumann problem is reduced to that of an axi-
symmetric one with somewhat modified source strength distri-
bution. From this point of view, the basic force and moment
coefficient integral relations applicable to axisymmetric bod-
ies are still valid for asymmetric cavity problems. The inte-
grands involve the unit perturbation potentials and the corres-
ponding velocity components. These perturbation potentials
and the corresponding velocity components, however, must
be computed so as to account for this asymmetric cavity de-
flection. Such & computation forms the basis of this paper.
Thus, this work represents an extension of Struck’s work for
small angles of attack to that of bodies in planar motion in-
volving translation as wetl as rotation. Furthermore, the ef-
fects of a gravitational field, which are omitted in Struck’s
waork, will be included here.

For the sake of completeness and ease of reference, the
planar motion potential flow problem is briefly presented in
Appendix A. The appropriate integral expressions for the hy-
drodynamic force and moment coefficients will be listed
there. Assuming the body-cavity configuration derived in the
axial-flow companion to this paper,? the cavity deformation,
velocity potential, and induced velocities associated with unit
uniform cross flow and unit rotation will be solved in Sec. II.
The computed force and moment results will be discussed in
Sec, IV.

II. Cross Flow Solution
with Mixed Boundary Conditions

The force and moment acting on an axisymmetric body in
planar motion can be computed, provided the unit velocity
potentials ¢, ¢,,, ®, and their derivatives are known on the
surface of the body aiong the meridian 6= 0 (sec Appendix A).
The computation of ¢, and the cavity configuration with
mixed-boundary conditions has been discussed in Ref. 3. In
the presence of cross fiow, the cavity deflects and we assume
such a deflection is small enough to permit some simptlifica-
tions to the mathematical problem as presented in Appendix
B. Such an approximation will allow direct extension of the
methodology developed for the numerical computation of
cross flow velocity potential on axisymmetric bodies with
rigid boundary conditions (Ref. 2) to computing velocity
potential with mixed-boundary conditions. The computation
of the actual deflection of the cavity should result from such a
scheme.

In the case of the rigid body problem, (Ref. 2), the cross
flow velocity potential can be computed by ignoring the rela-
tive magnitude of the cross flow with respect to the axiai flow
component. In the mixed-boundary value problem, however,
the cavity configuration is affected by axial velocity and the
cavity deflection by both axial and cross flow velocity compe-
nents. For this reason, the cross flow velocity cannot be as-
signed independent of the axial component. Rather, it must be
assigned a fraction of the axial flow component and the cor-
responding potential determined. The desired cross flow vel-
ocity potentials ¢, and ¢, are obtained by scaling up these
computed values, To obtain the limits of applicability of these
results, let us consider the bady in planar motion (Fig. 1). The
cross flow velocity for this motion corresponds to the negative
of the missile velocity in z-direction along its axis

w.(x)=—wtgx

Normalizing this with axial flow velocity component u, one
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Fig.1 Body coordinate system and notation.

gets
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where L is the body length. Note the right-hand side of the
above expression is equal 1o the tangent of the local angle of
attack of the missile. The fact that this should be smalk implies
that both w/u<1 and gl/u«1 musi be satisfied for this
theory to be valid.

A. Cross Flow Solution at Small Angle of Attack
(Uniform Cross Flow)

1. Probfem Formulation

An axisymmetric body with an attached base cavity of
known geometry is undergoing translations both in axial and
transverse directions. As long as axial motion is dominant, the
angle of attack of the body remains small. The cavity, being a
free surface, cannot withstand the normal force induced by
the cross flow and hence deflects. For small angles of attack
the cavity deflection is also small, but varies along its length.
If the angular deflection of the cavity is 6(x), the linear de-
flection of the centerline, Z_ (x), is given by

X

Zc(x)=—§

: d(x)dx (1)
/]
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If the body makes an angle of attack «j, the local angle of
attack oo, (x} on the cavity is given by

o (X) =ag—8(x) @

If the body is moving with unit velocity, the cross flow vel-
ocity on the body cavity system acting in the z-direction is
given by

wolx)=—y —lgsx={
(3)
= —a.(x) X< —~1g
For axisymmetric bodies, the total cross flow potential
& _(x,7,8 can be expressed as a summation of on-set flow
velocity potential —w,(x)z, and the disturbance velocity
potential ¢, (x,r,6)

P {xrf)=—w (X)z+¢ {x,7.0) 4

The perturbation potential ¢, can be generated by assigning a
singularity distribution ¢(S,8) on the body surface. For small
angles of attack, it is reasonable to assume

o{ 5, =a(8)cosh . (x,r0) =¢_(x,r)cosd (5

The appropriate integral relation for the potential ¢4
(x*,r* 6%} at the field point P{x*,r*,8*)is

L (x*, 1, 0%) = LD (x*,r*)cosh*

[£4}]
_ H‘ [a.(S)cosf] ds @ ©)
b Teg
In this relation, fpg represents the distance between the field
point P and the source point Q(x,R(x),?) on the body
surface

rhy=(x*=x) 2+ (¥ —y) 2+ (z*-2)? )
whcre
¥* =r*sing* Z* = r*cosé*
¥ =Rsinf z =Rcosd

Here, the source strength o, (S) is an unknown quantity. It is
such as to satisfy the boundary condition

9%, /0N=0 (8)

on the body and cavity surface. Here N indicates the normal
derivative.

An additional boundary condition to be satisfied on the
cavity arises from the requirement that the normal force act-
ing on the cavity in the z-direction is zero. From the relations
(A10) and (Al1), it can be inferred that the appropriate rela-
tion to be satisfied in the absence of body acceleration is

—36,/35+w_sinBcosf=0  (9)

Note the velocity potential ¢, depends on the cavity deflection
&(x), which is unknown. Thus, the basic mathematical prob-
lem herein is to find o, (S} and 8(x) such that relations (8}
and (9) are satisfied simultaneously.

To construct the solution, one chooses the field point 2 on
the surface of the body itself. The boundary condition, Eqg.
{8), at point P can be expressed in the form

Fo+w.sing=0 or

~2wa, (S*)casé* —sinB* § § 7. {5@) 9 (—Im )COSB sl
5 0x \rpg

a I
+cosﬂ‘555 a, (519 by (;——)cos&‘glds‘@
PQ

+w_ (x*)cos3*cosd* =0 (10
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Similarly the boundary condition, Eq. (9), on the cavity
reduces to the form

i
_msﬁx” o, (S©@) 8 (—)cose@ds@
5 Ax A\ Fpg

7
_Sinﬁ*js 6. (S12) 2 (_)Cosgtg)ds(m
s AR \rpg

+w_ (x")sinf*cosf* =0 {11

where w, (x) is given in Eq. (3). Note the boundary condition,
Eq. (8), is enforced on the deflected cavity.

Without going into the details of surface integrals in Eqs.
(10} and (11), it can be stated that they are integrated over the
undeflected body-cavity configuration and are proportional
to cos#* (see Ref. 4). Consequently, it is only necessary to sat-
isfy Egs. (10) and (11) along one particular meridian, say,
along 9* =0. The cross flow term w, involves the cavity de-
flection &_(x). The integration of these equations by numeri-
cal means to obtain the source strength ¢, {$) and cavity de-
flection &, is discussed next.

2. Numerical Solution

The numerical solution to be presented here is based on the
numerical techniques developed earlicr for the cross flow
over an axisymmetric rigid body. For the latter case, the only
differential equation to be solved is the one given in Eq. (10),
For the purposes of numerical integration, the body is divided
once again into a finite number, say 4, of conical segments.
Assuming the source strength on the segment ¢, (S;) is uni-
form on each segment, the surface integrations are performed
on each segment to reduce the integro-differential equation
[Eq. (10)] into an algebraic equation. The enforcement of
Eq. (10} on each segment then yields # coupled equations in n
unknown values of g,(S;). The solutions of these linear simul-
taneous equations yield the desired source strength distribu-
tion ¢, {S) on the body, which can then be used to determine
the velocity potential and flow quantities of interest.

To extend this technique to the problem at hand, one as-
sumes the deflection function 8(x) of the cavity, This permits
the evaluation of the source strength distribution e, (§) in the
manner of a rigid body, provided only one set of equations,
either Eq. (10) or Eq. {11), is enforced on the cavity, The
satisfaction of the remaining set is used to update the cavity
deflection 8{x). The problem can then be iterated, until all the
equations are simultaneously satisfied, to yield the actual de-
flection &(x) and the source strength distribution o,.(8). In
the iteration scheme initially developed here, o, (S) is chosen
to satisfy Eq. (11) on the cavity, and the enforcement of
boundary condition, Eq. (8), on the cavity is used to update
the cavity deflection. For this purpose, one computes the nor-
mal velocity V. (x) due to the cross flow on the assumed
configuration of the deflected cavity and checks whether it is
zero or not. A nonzero value suggests that the assumed cavity
boundary is not a streamline. Since the actual cavity boundary
must be a streamiine, its true deflection is such that its tangent
vector matches the velocity vector on that portion of the
streamline. This leads to the cavity angular deflection incre-
ment A§(x) required to update the cavity portion:

Vrc(8) _ g.(8)+w.cosB
Vr(S) Vi(8)

AS(x) = (12)

where V5 (8) is the meridional velocity on the bubble surface
due to unit axial flow. The actual bubble angular deflection is
then

BLx) e =0(X) | g + AS(X) {13)

Having obtained a new cavity configuration, the calculation is
repeated and 5(x) and o(S) are updated. This is repeated
until Aé{x) —0 on the cavity.
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Direct integration of Eqs. {10) and (11} as indicated above
leads to a very slow convergence scheme. To improve conver-
gence, it has become necessary not only to satisfy the velocity
boundary condition, but also to enforce the appropriate cross
flow velocity potential distribution on the cavity surface. To
enable such a computational scheme, the velocity potentiat
¢ 2 (S), with the assumed cavity deflection, is expressed in the
form

s
82(5)=92(5,) - | f2s)as (14)
)
The similar expression with the actual cavity deflection is then
s
2 =808 = | f(ras as
[

Substituting Eq. (9) for £, (§) and making use of Eq. (14), this
can be rewritten as a sum of one known quantity $.(S) and
another unknown quantity &¢. {S)

G AS)=6.(5) +84.(S) (16}

where

5
s =el )+ | srsds
b
)

b
56, (S) =, (S,) =67 (S,) + Ss,, w.sinBdS

Note ¢,(S,) — 92 (S,) is a constant, and approaches zero as
the solution converges and ¢ (S} approaches ¢ (). Since
w,(x)} is a function of cavity deflection angle &(x), which is
still unknown, 8¢ (S} is also unknown, but finite, and varies
along the cavity axis. Now we choose this function such that
the boundary condition, Eq. (9), is satisfied. If J.(8) is the
tangential velocity associated with ¢ (S} and &f (S) with
that of 8¢ (), this ¢ondition becomes

fc{S) +&8f,(8) = —w,sing (18)

In the iteration scheme to be developed here, we recompute
3¢, (S) such that this relation is satisfied. As the solution con-
verges, 8f,(S) approaches zero and 8¢, cancels the integral on
the right-hand side of the expression for @.{S). Then ¢ (S)
approaches ¢ (S). Thus, by this means, one not only satisfies
the boundary condition, Eq. (9) on the cavity, but also ensures
the tangential velocity function f.(§) in this relation is
derived from the appropriate velocity potential.

Let us now turn to the details of computation of the left-
hand side of Eq. (18). To compute the first term, the source
strength distribution 6.(8) is determined by solving the cross
flow problem by satisfying the rigid boundary condition, Eq.
(8), on the body and prescribing the velacity potential $AS)
on the cavity surface. The tangential velocity f,(S) is then
obtained using this source strength distribution. To compute
the second term, the cross flow problem is solved to determine
o, (5;S*) by enforcing zero normal velocity, {Eq. ()] on the
missile surface, and unit value of the velocity potential at sta-
tion x*, that is, 8(S—S*) on the cavity. If £, (5;5*) is the
derivative of the resulting velocity potential, onme has by
superposition

5.(S) = Sr:avity £ (5:5%)56, (S*)dS* (19)

where 8¢, (8) is still unknown. The imposition of Eq. (18} ata
finite number of points along the cavity yields a linear set of
coupled simultaneous equations, which are then solved for
these unknowns. Knowing this distribution, the net source
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strength distribution on the body-cavity surface is calculated

0,(S)=6,(S) + ! . 0. (8:5%)6¢,.(5*)dS" (20)

-
cavil’

Having obtained the source strength, one can ¢ompute the
velocity potential ¢, () and the velocity component ¥V, (S) '
normal to the cavity surface. The use of this relation in Eq.
(12) determines the function Ad{x), and hence the corrected
cavity deflection function. The problem is now iterated uniil
the solution for the cavity deflection &(x) has converged.

B. Cross Flow Solution with Angular Rotation
{Nonuniform Cross Flow)

Consider now the case of axisymmetric body with an at-
tached cavity of known geometry moving axially with unit
velocity, and rotating slowly about its center of gravity in the
x-z plane. As long as the angular rotation is such that the an-
gle of attack remains small all along the body-cavity length,
the simplification of Appendix B is applicable. The cross flow
velocity on the body-cavity system acting in the z-direction is
given by

w. (X)) =gx —lg=sx=l,
(21)
=gx—6{x) x< =1y
where 5(x) is the angular deflection of the cavity about the
body axis. Note this is different from the case ireated in the
earlier section in that the cross flow is not constant, but varics
linearly with x along the body.

The computation of cross flow perturbation potential ¢,
corresponding to rotational velocity, g1, proceeds the same
way as described in the earlier section. In fact, it is exactly the
same excepl w, is now replaced with Eq. (21) and an addi-
tional term, —gR(x*) sin B* cos 6* is included on the left-
hand side of Eq. (10). This term arises from resolving the
rotation-induced axial component of velacity on the body sur-
face in the direction normal to the body.

I1I1. Computation of Pressure
and Hydrodynamic Coefficients

In the numerical computation of pressure and hydrody-
namic force coefficients using Egs. (A7) and (A10), respec-
tively, of Appendix A, the perturbation quantities ¢, f, as-
sociated with unit motion of the bedy in the z-direction and
Y ) associated with unit rotation of the bady about its cen-
ter o% gravity in the x-z plane are required. The cross flow
solutions ¢_,f, obtained in Secs. [L.A and {1.B correspond re-
spectively to uniform motion of the bedy with velocity g in
the z-direction, and rotational velocity g, which is much less
than unity. To obtain the desired quantities, these solutions
are scaled up by dividing the cross flow solution obtained in
Sec. TI.A with ap and those of Sec. IL.B with ¢ values used in
those computations. Note that such a procedure is valid as
long as the angles of attack experienced by the body-cavity
system during planar motion remain small, Obviously, the re-
sults so computed are not accurate for large body translations
and rotations.

Note that the pressure distribution and hydrodynamic co-
efficients are computed using the relations derived for the
rigid body in planar motion, but the unit perturbation poten-
tials, and their derivatives appearing therein, are computed
taking cavity deflection into account.

In Secs. 1I.A and II.B the boundary condition, Eq. (9),
enforced on the cavity implies that the normal force acting on
it is zero. This usually means the perturbation potential ¢, is
not identically zero on the cavity., Thus, the hydrodynamic
inertia coefficients Cyg and Cy, turn out to be nonzero on the
cavity. In reality, these should be identically zero since the
cavity cannot sustain any normal force due to normal ac-
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Fig. 2 Comparisun of computed pressure distribuiion and bubble deformation with test data,

celeration either. In other words the cavity bends during
acceleration normal to the body axis. To determine the inertia
coefficients more accurately within the framework of the
present formulation, the cross flow potentials ¢, in Secs, IL A
and IL.B are solved again by replacing Eq. (9) with ¢, =0 on
the cavity. The numerical scheme is appropriately maodified to
reflect this change though for the sake of brevity it is not
discussed here. The inertia coefficients presented in the
following section are the values so computed.

IV. Numerical Results

For the purpose of validating the solution developed here
for the mixed boundary value problem in potential flow, the
computations of pressure distributions on typical axisym-
metric bodies are made and compared with the measured data
from scale model tests. These tests were conducted in the
Lockheed Underwater Missile Test Facility, and consisted of
launching scale model missites vertically upward from a sub-
merged platform using air as a launch gas. Since the asym-
metric cavity deflection predominately affects the pressure
field on the rear cylindrical portion of the missile, pressure
data was acquired on the missile near its base, and along the
windward and leeward meridians, As the missile kinematics
change along the trajectory, the pressure on the missile at a
given location also changes with time. For comparison, the
pressure was thus chosen at one particular instance, and the
missile kinematics at that instance used in computing the
pressure field on the missile. The appropriate expression nused
for this purpose is given in Eq. (A7) of Appendix A.

Figure 2 presents the measured pressure coefficient C,
(=p/#pU?) along the two meridian lines compared with the
computed results. The particular kinematics of the missile at
the instance of comparison are identified in this figure.
Translational and rotational accelerations are present, but
their contributions to the pressure distribution are found to be
minimal and ignored here. Note, as one would expect the
theoretical pressure distribution in the bubble {x/L>1.0, x is
measured from the nose) remains constant. On the missile, the
computed resuits agree well with measured data except for
one transducer location on the windward side. The pressures
on both legeward and windward meridians approach the base
pressure and become identical at the base.

Also presented in Fig. 2 are the tail bubble deformations at
the instant the pressure comparison was made. The analytical
deformation of the bubble was determined by computing the

deformations associated with lateral and rotational motions
of the missile separately and adding them. The acceleration
effects are once again ignored. The measured bubble config-
uration is obtained from the optical data acquired by photo-
graphing the missile as it passes through fixed elevations. The
agreement is reasonably good near the base, but differences
between the test and computation increase with distance from
the missile base. This is understandable in that the analytical
model’s validity degrades as the solution progresses away
from the base, since the mixed boundary conditions are en-
forced only in the neighborhood of the base and not on the
entire cavity. The main purpose of this paper is to present a
method to compute the pressures and forces on the missile
taking into account the asymmetric cavity deformation. The
fact that the computed pressure field on the missile agrees well
with measurements in the neighborhood of the base provides
the justification for the approximation made in the analytical
simulation,

The normal force acting on the missile is proportional to
the pressure difference across the missile in the direction
normal to the axis. The excess pressure along the windward
meridian over that along the leeward meridian is shown in
nondimensional form in Fig. 3 for different flight conditions.
The symbols indicate the data points obtained from tests and
the solid-line data obtained from solving the mixed boundary
value problem described in this paper. The agreement seems
to be reasonably good, especially at small angles of attack,
where the theory should be most accurate.

The two parameters that influence the cavity shape are the
Froude number and the base pressure coefficient (or the cavi-
tation number). To evaluate how these parameters influence
the actual hydrodynamic forces acting on the missile, the hy-
drodynamic coefficients were computed for a typical axisym-
metric missile over a range of Froude number F and base
pressure coefficient C, 5 of practical interest. For the sake of
ease in presentation, each coefficient has been normalized
with respect to its value at C,, =0 and F2 =5, The static force
and moment coefficients so oﬁtained are shown in Fig. 4, first
varying Froude number, and keeping base pressure coefficient
constant; and second, varying base pressure coefficient, and
keeping Froude number constant. As the curves would in-
dicate, the effect of Froude number on hydrodynamic
coefficients is less than 1%, and is much smaller than that of
the base pressure coefficient. The variation in coefficients
appears to be larger with decrease of the base pressure
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coefficient. These results suggest that if base pressure fluctua-
tions are large along the projectile path, the hydrodynamic co-
efficients need to be adjusted accordingly for accurate predic-
tion of its trajectory.

The potential flow, mixed boundary value problem, as sug-
gested here for axisymmetric bodies with trailing cavities, is
very complex and involves much effort and computer cost. In
the past, one way of computing hydrodynamic coefficients of
missiles with asymmetric cavities was to approximate the traii-
ing cavity as a rigid extension of the missile body. Since this
required only a single hard boundary solution of the Neu-
mann program, the problem was considerably simplified. Te
indicate the essential differences between such an approxima-
tion and the exact solution as obtained in this paper, the com-
parisons of pressure and force coefficient distributions are
presented in Figs. 5-7. In these calculations, the cavity is
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ferent representation for the trailing cavity.
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represented by a straight cylindrical extension of the missile
one-quarter of its length with a hemispherical closure at its
end. Note the pressure distributions along the windward and

leeward meridians are very close in the rigid cavity case and’

become zero at the base of the missile. In actual cases, the
base pressure coefficient need not be zero. For the particular
test case shown in Fig. 5, the base pressure coefficient is equal
to 0.099 and the present solution approaches that value on
both meridians near the base. Away from the base, the ap-
proximate solution matches the exact one along the leeward
but not on the windward meridian. This must be the result of
the deflection of the cavity, which is included in the exact so-
lution. At any rate, the pressure difference across the missile
is larger in the exact solution than in the approximate case.
This is in general agreement with the measured data.

Figure 6 presents the hydrodynamic force and moment co-
efficient distributions on a typical axisymmetric body as com-
puted by these two methods. Since the bubble cannot resist
any force, these coefficients should assume zero values at the
base. This is evident in the exact solution but not in the ap-
proximate case. The integrations of these distributions over
the length of the missile differ somewhat, the difference for
certain coefficients reaching as much as 10%,

Figure 7 compares the hydrodynamic inertia coefficients
computed by the two methods. Note that, once again, the pre-
sent solution yields results that are physically meaningful near
the base, while the approximate solution does not.

¥. Conclusions

An iterative computational scheme has been developed to
calculate the potential flow solution of an axisymmetric body
with trailing cavity when in planar motion. As long as the mo-
tion in the axial direction is predominant, the cavity configur-
ation (cross-sectional radius) is assumed to be governed by
this axial motion alone. The effect of lateral translation and
rotation of the body in planar motion is to deflect the cavity in
its plane of motion. Assuming that lateral translation and
body rotation are small, solutions are constructed separately
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by imposing the mixed boundary conditions, namely zeto
normal velocity on the body, and zero normal force on the
deflected cavity. Initially, the cavity deflection is unknown,
but is computed iteratively by adjusting its deflection until the
normal velocity on its surface is zerc. The solutions obtained
for a body’s lateral motion and rotation are then combined
with that of the axial motion to obtain the resultant planar
motion of the body-cavity system.

In the presence of lateral motion and/or body rotation, the
body-cavity configuration is essentially nonaxisvmmetric. For
small lateral disturbances, the problem is simplified to one of
an axisymmetric case with surface source strength modified to
account for cavity deflection. The analytical technigue pre-
sented here thus represents an approximate way of solving the
body-cavity problem in planar motion and is valid for small
cavity deflection angles.

As a means of validation, pressure distributions computed
for an axisymmetric missile in planar flight were compared
with measurements made during vertical launches of the
model missile under Froude and cavitation scaled conditions.
In the region of the missile base differences in pressure across
the windward to leeward body surface, as predicted from the
theory, compared quite satisfactorily with observed pressure
test data, and provided justification for the analytical meth-
ods presented herein.

The underwater performance of the missile is normally
measured with its hydrodynamic coefficients. The sensitivity
study of these coefficients, with Froude number and base
pressure coefficient, has indicated that the effect of the for-
mer is relatively negligible to that of the latter, This suggests
that in trajectory computations the hydrodynamic coefficients
need be represented as functions of base pressure coefficient if
base pressure fluctuations are expected to be large.

In the past, missile hydrodynamic coefficients have been
evaluated by treating the cavity as a rigid cylindrical extension
of the missile itself. Such a solution is independent of cavita-
tion number (base pressure coefficient) and Froude number
but dependent on the cavity length. For lack of other means,
the cavity length was selected to match the measured trajec-
tories in simulated scale mode! tests. The essential differences
between this approximate model and the exact method devel-
oped here have been pointed out by comparing the pressure
and coefficient distributions on the missile as predicted by
these methods.

Appendix A: Force and Moment Relations
for a Body in Planar Motion

An axisymmetric body with a trailing cavity is in planar
motion in an infinite fluid medium. Unless the motion is
purely axial, the cavity deflects in the plane of motion. As
long as such deflection is small, let us assume for now that the
flowfield around this asymmetric body-cavity configuration
can be calculated by performing computations on the un-
deformed configuration with source strength, however, ac-
counting for the deflection. Now, let the x, y, z coordinate
system be attached to this, with origin located at 0, the mass
center of the body, on the axis of symmetry. Let us assume the
body is moving, say, with velocity components # and w along
X and z axis, and rotational velocity ¢ about y axis (see Fig, 1
for sign convention), The velocity components of this motion
at a point P on the body in normal, tangential, and circumfer-
ential directions, respectively, are

V= — usinf + weosfcost — g Rsinf + xcosf) cost
V¢ =tcosB + wsinBeosf+ g (Rcos — xsing) cost (Al)
Ve=— (w—qx)sind

where 3 is related to the body slope at P and is given by

dR/dx=tanf {A2)
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Here R(x) represents the body radius., The disturbance vel-
ocity potential, ¢, of fluid flow associated with the body mo-
tion can be expressed in the form

b (x,r,8) =ud, (x,r) +wo, (x.r)cost+gd, (xr) cosd  (A3)

where ¢, (x.r), ¢,(x,r), and ¢,(x,r) are the unit velocity
potentials associated with unit axial, normal, and pitch mo-
tions respectively in the meridional plane = (. Using the con-
vention of negative gradient of this potential as the fluid vel-
ocity, one can obtain the three fluid velocity components at
point P on the body, in normal, tangential, and circumferen-
tial directions.

d
_ .—.—a:( =ng (x,R) + [Wgw(x’R) +ng(x,R] ]Cosﬁ
99
- 55 W xR)+ [wf, (5, R) +af, (x,R}]cos8  (Ad)
= 20— (1/R) 19, (5 R) + 8, (5.R) Isind
R3S~ G
Here g,(x,R), . . . f,(x,R) are related to velocity potential

derivatives in normal and tangential directions.

_ 0 _( 0 o, 3%
S NFYY "{ ox A, COSB},=R
(i=u,w,q) (AS)
e a0, o 06,
Ji= =% = [Bx cosB+5, S‘"B],zg

The relative velocity of fluid with respect to the body is then
obtained by subtracting the body velocity, Eq. {Al), from the
fluid velacity, Eq. (A4). The resulting relative velocity
components are

g=ulg, +sinB)+ [wig, —cosf) +qlg, + Rsinf3 + xcosf) Jcosd

g =u{f, —cosf) + [w(f, —sing) +q(fy — Rcos@+ xsinfd) Jcosf

go={w(l+¢,/R)+q(d,/R—x)}sind (A6)

In solving for the velocity potential, the boundary condition,
gy =0, will be enforced; consequently ¢g and g, are the only
two nonzero velocity components on the body surface. Using
the unsteady Bernoulli equation, the pressure field on the
moving body can be expressed as

p(x.R.0) =plid, + wd cost + g cosd

+ B (Vi+ Vit Vi—qgi—ag}) +8(x+i)] (AT)

In this relation, the dot over a guantity represents the time
derivative of that quantity; g represents the gravitational
potential acting in the negative direction of the x-axis, and,
for convenience, the gravity level is referenced at the base of
the body. The axial force F,, normal force F,, and pitching
moment M, resulting from this pressure distribution are

F, = H pRtanfdidx F,=-— S S pReosfdédx
Sp Sg

(A8)

M, = H? pR(x+ Rtang)cosfdfdx
g

1. HYDRONAUTICS

Here surface integral extends over the surface of the body.
Substituting relations, Eqgs. (A1) and {A6) in the pressure
relation, Eq. (A7) and the resulting expression in Eq. (A8),
vields after the f-integration and neglecting the terms in-
volving squares and products of wand g

F_ = pA, [Cuud—Cpti?]
F,=— %1pA, | Cy,wd+ Cpyqd’ + Cpo Wit + Cp ttgd]

M, =Y:pA,d[ Coga W+ Cpred? + Cog Wit + Cpg i) (A9)

where
47 ('n
.= 5 Rtanfdx
=4 d _fﬂcb.; anf
2% rin
Co= — — 5 Rtang[! - (f, —cosB)? ]dx
Ay d-tp
2m fn
o= Rdx
CN“ Abdg—fs ¢w

2m  (la

h

2 ¢t in
Chn= =\ RicosB=1,) (f,, —sing)dx
A, -ty
2w In .
Crg = S RIR+ (cosB—f) U, — Rcasf +asind) 1dx
T Aydl-ty 4
217 "n
Cra= YWE S_JBR{erRtanﬁmwdx
C L EJ R(x+ Rtan3) ¢ _dx
Mq-’Abd3 _ip X an )¢q

rﬂ
C,=2F {  RGcost—1,) U, ~sin) (x+ Riang) dx

2 in
Cuy= 1 32 S_! R[R+ (cosB—f,) {fq—Rcosﬁ+xsin,8)]
B B

% (x+ RtanB)dx (ALD)

In these relations, A, refers to reference area (usually base
area), and d to reference diameter (usually base diameter).
The integration in the above relations extends over the length
of the body. Once the calculation of unit potentials ¢,, é,.
and ¢, and the velocities f,, f.» and f, are accomplished, the
hydrodynamic coefficients Cy;s Crr Crias Crgs Cnver Chvgs
Crer Catgr Cater a0d Cyy, can be calculated from the above
integral relations.

The above relations are also equally applicable for the cav-
ity surface. In the presence of either lateral translation or
pitch motion, the cavity deflects to the new configuration
where no normal force exists. Consequently, on the cavity

3 _0Cny _¥Cny _¥Caq _,

(A1)
ax ax ax dx

These conditions will be used in evaluating the cavity de-
flection.
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Fig. B1 Sketch illustrating the approximation.

Appendix B: Basis of Problem Simplification

Consider a rigid body in motion with trailing cavity slightly
deflected as shown in Fig. Bl. Let Q and Q° be the positions
of the same point on the cavity surface before and after
deflection. The cross flow potential, #{” at the point,
£{x* R* 0%} on the body-bent cavity system can be expressed
by the surface integral of the source strength at the variable
peint Q‘(x’,R’,8") times the reciprocal distance between
points Pand Q":

e a (8 )cos8’
o Hs—__r,,g, ds ®1)
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Here 0,(8’) cos 8 represents the source strength at point ¢’
and the surface integral extends over the whole body-cavity
surface. Note the source strength depends on the cavity deflec-
tion; however, as long as the deflection angle is small, it is as-
sumed that its dependence on the circumferential angle @ still
remains the same as on an undeflected cavity, while its magni-
tude changes somewhat. Also, it is assumed the cross sections
of the cavity remain circular after deflection. If Z.{x) repre-
sents the cavity defiection in the x-z plane, the above integral
can be expanded in the form

¢(P}___H‘ o. (S ycos@’
¢ s Tpg
[Z.(x*)—Z,(x") ) [R*cosb* —R'cosb’ |
X[I— rf,Q

]ds’ (B2)

Note that for peints P and O on the rigid bedy, Z, (x*) =0
and Z (x) =0, and hence only the first integral remains. For
other cases, the second term contributes, but its contribution
is smaller the farther the points P and Q are. As the points
come closer, Z (x*)—Z_(x"} decreases, and for poinis on
the same cross section it is identically zero. Conveniently, the
second term can be neglected, at least to a first approxima-
tion. Thus, the potential for the body-bent cavity system re-
duces to the integral

_ 0.(8" )cosd’
#m = (| e s ®3)

where the surface integral is restricted to the axisymmetric un-
deformed configuration. Note however, the source strength
variation o.{S’) along the axis is different from that of the
undeformed configuration. The variation in a.(8) is such
that it accounts for the appropriate modification of the flow-
field associated with deflected cavity.
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